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Abstract

The purpose of this study was to empirically determine
the effects of quantified violations of the underlying assumptions
of parametric statistical tests commonly used in educational
research, namely the correlation coefficient (r) and the t test.
The effects of heterogeneity of variance, nonnormality, and non-
linear transformations of scales were studied separately and in
all combinations. .

Monte Carlo procedures were followed to generate random
digits which had the following shapes: normal, positively skewed,
negatively skewed, and leptokurtic. Interval, ordinal, and percentile
rank transformations were used for all of the computations which
were based on 5,000 sets of randomly generated numbers, each
set containing either 5, 15, or 30 such numbers. ' A total of
1,332 combinations of differences in shape of distribution,
variance, size of sample, and type of -scale were studied.

The results indicate that the distributions of ¥
do not deviate significantly from tne theoretical distributions
even under the most severe combinations of violations. However,
there were many significant discrepancies for the t test. The
results of this study lead to the conclusion that the t test
is not as robust as generally thought and that researchers should
consider all of the basic assumptions before applying this test
to their data.
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and insuring that the result$ were accurate and valid.
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To researchers in all areas, we hope that this
study will make a contribution toward better understanding
of the application of the t test and the correlation
coefficient in situations in which violations of the basic
assumptions may be suspected. 'To accomplish this, the
results are presented in a non-technical, as-they-occurred
fashion. It 1s suggested that researchers compare'the
conditions under which these analyses were computed with the
conditions they are working under and then decide whether
or not t or r is appropriate for their analyses.
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Introduction

In the behavioral sciences, the most commonly used
statistics are those for measuring the degree of relationship
between two variables and those for comparing samplc means.

The -statistics most frequently used are, respectively, the
Pearson prcduct moment correlation coefficient and the analysis
of variance F test or equivalently the t test when there are
only two groups.

For the mathematical justification of hypothesis testing
procedures, these tests are based on a number of assumptions
as enumerated by Guilford (1965), Ferguson (1966), Hays (1963),
Lindquist (1953), and Siegel (1956). Specifically, the assumptions
for the correlation coefficient are: (1) the trend of the
relationship between X and Y be rectilinear, (2) the variables
must have been measured by at least an interval scale, and
(3) the bivariate distribution is normal. The assumptions
necessary for the statistical tests for comparing means arse:
(1) the observations must be independent, (2) the observations
must be dravm from ncrmally distributed populations, (3) the
populations must have the same variance (homogeneity of
variance), and (4) the variables involved must have been
measured by at least an interval scale. As stated by Siegel
(1956), Cochran (1947), and Cochran and Cox (1957), a researcher
can never be sure that all of these assumptions are met and
often there is good reason to suspect that some are false. Thus,
as Kirk (1968) points out, parametric tests should be regarded
as approximate rather than exact when it is known that all of
the assumptions have not been met.

If the researcher has reason to suspect that any of the
necessary assumptions are violated, he has his choice of either
going ahead with the parametric test, resorting to a less
powerful distribution-free statistical test, or using a data
transformation. lowever, in regard to the second approach,

Hays (1963) and Boneau (195Y) have pointed out that two things
must be considered when substituting distribution-free techniques
for parametric procedures: (1) the actual hypothesis tested
by a given distribution-free test is seldom exactly equivalent

to the hypothesis tested by the parametric test and (2)
distribution-free tests have the disadvantage of being relatively
low-powered as compared to parametric tests. This means that,
other things being equal, a relatively larger sample size is
required as compared to the parametric method if Type II errors
are to be held to a minimum. With regard to transformations,
Anderson (1961) states that it is possible to get a significant

F ratio from the original data and not from the transformed

data, and vice versa. Bradley (1968) states that tranformations
may reduce the pover of the statistical test through the
homogenizing effect and also may be restricted to the case where
the null hypothesis is true. Also, as pointed out by Kirk (1968),
once an appropriate transformation has been made all inferences
regarding treatment effects must be made with respect to the new
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scale not the original scores,

Confronted with the problem of whetlher or not to use
a distribution-free statistical test or perhaps an equally
discouraging one of using a transformation, performing related
tes:s, and then having difficulty in iuterpreting the results,
the researcher is often tempted to ignore the assumptions of the
parametric tests and apply these tests to his data. If the
researcher decides to use a parametric statistic knowing that
one or more of the assumptions are violated, what are the
consequences? If the statistic indicates a significant
relationship or difference, is this due to real relationships
or differences or is it due to the violation of assumptions?
The latter possibility is considered by many researchers
as sufficient to preclude the ute of the parametric statistic.

Purpose of the Study

The overall purpose of thisbstudy was to study the
effects of combinations of violations on parametric tests. ’
Specifically, the purposes were:

1. To empirically determine the effects on r and
t due to violations of the assumptions of
normality, homogeneity of variance, and measurement
properties separately and in combination; and

2. To establish guidelines for determining the resulting

effect of the violations based on measures of
those violations.

Related Research

_ Although the effects of certain violations of assumptions
on parametric tests have been studied quite extensively, there
-persists a disagreement as to the seriousness of those violations.
Bradley (1968), Senders (1958), Siegel (1956), and Stevens (1951)
have asserted that the effect of violating a test's necessary
assumptions is to render the test inexact, often leading to
inaccurate and meaningless conclusions. The advocates of strict
adherence to the basic assumptions underlying the parametric tests
argue that the meanirngfulness of the results of parametric tests
depend on the validity o6f all of the assumptions. Anastasi (1961),
Eisenhart (1947), Senders (1958}, Siegel (1956), and Stevens (1951)
believe that parametric statistics can only be used with interval
data and contend that analyses would be in error to tke extent
that the successive intervals on the scale are unequal in size.
They also point out that failure of meeting the assumptions of
normally distributed scores and homogeneity of variances would
affect both the significance level of the test and the sensitivity
of that test. '




Bradley (1968), as one of the leading spokesmen for '
distribution-free statistical tests, has asserted that "any violation
of a parametric test's assumptions alters the distribution of the
test statistic and changes the probabilities of Type I and Type II
errors" (p. 25). 1In criticizing advocates of parumetric tests
when there are known violations, he speaks ¢f the "Myth of
Robustness" in which he refers to the lack of an agreed-upon
connotative meaning of robustness.

The most insidious thing about the Myth of Robustness,
however, is that the "degree" of a test's robustness
agzinst violation of a given assumption is strongly
dependent upon factors which are not involved in the
statement of a test's assumptions, which are often not
required in a complete description of the assumption's
violation, and which are not mentioned in the usual
allegation of robustness, as quoted above. These |,
factors cause no distortion of Type I or Type II errors
wien all assumptions are met, but greatly influence the
distortion occurring under a given violation of
assumptions, i.e., the factors interact with whatever
violation occurs. (Bradley, 1968, p. 26)

He goes on to state that many studies of the effects of violations
of assumptions have investigated analyses in which only one
assumption was violated and/or where some of the impnrtant
interacting factors were "held constant." He makes a well-
founded criticism of these studies by stating that they do not
specify the amount of violation nor do they consider the

fact that there is a strong tendency for these. violations

to interact with one another. le goes on to point out that for

a given violation of assumptions, none of the factors relative to
sample size, shape of the distributions, significance level,

or relative variances appear to exert its influence upon
probability levels independently of all other factors. Thus,
depending upon the particular combination of factors and their
particular levels or values, a given violation of assumptions
occurring in a. specified degree may have a negligible or
devastating effect upon the probability levels of the statistic.
He also points out that many of these studies do not take into
account '"outliers" and what effect these extreme scores have on
parametric tests.

Opposing the point of view of those who advocate strict
adherence to the basic assumptions are a number of statisticians,
e.g., Lord (1953), Hays (1963), Anderson (1961), McNemar (1962)
and Lindquist (1953), who have argued that for the majority of
studies the effects of violations of the basic assumptions are not <
sufficiently great to invalidate the statistical test. However,
often there are qualifiers to the statements about the effects of
assumption violations. For example, Dixon and Massey (1957) state
that the results of the analysis of variance are changed very little
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by "moderate” violations of the assumptions of normal distribution
and equal variance. Ferguson (1966) indicates that unless there
are "extreme" departures from normality, there is no serious effect
on the analysis of variance F ratio. Hays (1963) contends that
even when the forms of the population distributions depart
"considerably" from normal, the inferences made about means are
valid providing the number of cases in each sample is the same

and fairly large. In summarizing the results of tihe Norton
" study, Lindquist (1953) interprets the results of this study to
mean that

.one need be concerned hardly at all abiout lack of
svmmetry in the distribution of criterion measures, so
long as this distiibution is homogeneous in both form
and variance, and sc long as it is neither '"markedly”
peaked nor '"markedly' flat (p. 86)}.

Box (1953) states that there is abundant evidence that the parametric
tests for comparing means are remarkably insensitive to "general"
non-normality of the parent population. He goes on to state that
by "general” is meant that the departure from normality is the
same in the different groups. However, if the skewness is in
different directions, larger effects are often found. As

Bradley (1968) has indicated, such unquantified, ambiguous
statements concerning the degree of violation of assumptions

has led to serious misunderstandings concerning the effects of
the underlying assumptions and provides no differentizstion
between "ordinary" and 'extraordinary' degrees of violation.

With regard to the types of measurement scale needed for
parametric tests, a number of statisticians have indicated that
parametric tests do not require interval data. As Anderson (1961),
Burke (1953) and Lord (1953) point out, the validity of a parametric
statistical inference does not depend on the type of measuring
scale used. These authors believe that statistics computed on
a measurement scale which is at best a poor fit to reality
distribute in the same way that they would under conditions
of perfect measurement. )

Several empirical studies have provided support for the
above position. Probably the best known study is that of Norton
(1952). Norton's technique was to obtain 1istributions of F
ratios by means of a random sampling procedure from distributions
having the same mean but which violated the assumptions of
normality and homogeneity of variance in predetermined ways.

As a measure of the effect of the violations, llorton compared

the obtained percentage of sample F ratios which exceeded the
theoretical 5% and 1% values from the F tables for vsrious

conditions. The discrepancy between the obtained percentages and

the theoretical percentages was used as the measure of the effects

of the violations. Six different forms of distributions were

studied under two different sample sizes and with various combinations

4

27N
Ry




of variance. The results may be summarized as follous:

1. When the samples all came from the same population,
the shape of the di#tribution had 'vory little effect
on the percentage :f F ratios exceeding the theoretical
limits.

2. For sampling from populations having the same shape
but different variances, or having the same variance
but different shapes, there was little effect on
the empirical percentage exceeding the theoretical
limits.

3. For sampling from populations with different shapes
and heterogeneous variances, a serious discrepancy
between theoretical and obtained percentages occurred
in some instances.

Using a similar procedure, Boneau (1959) compared obtained
distributions of sample t values with the theoretical dictribution
of the t statistic. Random samples were drawn from populations
which were either normal, rectangular, or exponential with meéns
equal to O and variances of 1 or 4. For several combinations
of forms and variances, t tests were computed using combinations
of sample sizes 5 and 15. Comparing his sample distributic:. eof
5000 t values, Boneau concluded that the t iest is ''remarkably
robust" in the technical sense of the word to violations of a
number of assumptions underlying that test, providing that

| (1) the two sample sizes are equal or nearly so and (2) the assumed
{ : underlying population distributions are of the same shape or

‘ nearly so. If these conditions are met, then the percentage )
of times the null hypothesis will be rejected when it is actually
true will tend to be between 47 and 6% when the alpha level is

5%. HMHowever, if there is a combination of unequal sample size

and unequal variances, probability digtxibytions may be quiLe
different from the theoretically expected values.

: In another study of the t distribution, Baker (1966)
compared the sampling distribution of t based on one set of scores

with the sampling distribution of the same statistic based on scores

which were not "permissible'" transformations of the first set. 1If
violations of measurement scale properties have an effect on the

t distribution, then the sampling distributions computed under

conditions of "perfect" measurement should differ from the same statistic
based on "imperfec:t" measurement. In order to evaluate the consequences

of non-permissible transformations, 35 non-linear transformations of

a unit-interval set of scores were constructed. The first 15
transformations vere constructed to simulate the situation in which

the magnitudes of trait differences represented by .intervals at the

extremes of a scale may be greater than those represented by equal

appearing intervals in the middle of the scale, e.g., percentile equivalents.
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The third set of transformations were such that the first scores ranging
from 1 to 15 were retained as interval but the remaining scores varied
randomly, similar to scales sometimes found in social distance measures
or in the Thurstone type of scaling of attitude items. A total of 36
t values were computed for each pair of samples drawn: one value

for the unit-interval scale and.onec for each of the 35 transformations.
Three types of distribution were studied--normal, rectangular, and
exponential--and three sampl2 sizes were used--5 and 5, 15 and 15, and
5 and 15. The combinations of sample sizes used were identical to
those used by Boneau (1959). Empirically derived t distributions
based on 4,000 random samples for each condition were found not to
deviate from the theoretical 5% or 3% levels of significance providing
that the pair of samples are of equal size and that a two-tailed

test is used. The authors conclude that probabilities estimated

from the t distribution are little affected by the kind of measurement
scale used.

Norris (1960) conducted an extensive study on the differential
effects of nonnormality on the Pearson product-moment correlation
coefficient. Comparisons were made between the theoretical sampling
distribution based on Fishers' z transformation and empirical sampling
distributions from nonnormal populations as well as comparing the
latter distributions with distributions of r from his normal
distributions. The latter comparison would show the effects of
nonnormality. To indicate the effects of different conditions, the
comparisons were made separately for various types and degree of
nonnormality, three different samples sizes (N = 15, 30 and 90),
and two markedly different population correlations (r = .0 and .8).
Five forms of distributions were studied: normal, rectangular,
leptokurtic, slightly skewed, and markedly skewed. Deviations of
obtained distributions from the theoretical distributions were
tested by the use of the Kolmogorov-Smirnov goodness-of-fit test
(siegel, 1956). The results of this investigation led Norris to
conclude that the effect of nonnormality should be taken into account
when dealing with statistical tests of inference involving the product
moment correlation coefficient. He suggested that more rescarch was
needed, especially with regard to other types of nonnormality and
with populations not having identical marginal frequencies such as
he studied.

The four studies summarized above indicate that violations of
certain assumptions do not drastically alter the distributions of the
parametric statistic studied. However, there are certain restrictions
in these studies since they are limited to the specified violations and
other specific conditions such as sample size, degree of variance,
and form of distribution. For example, in the Boneau (1959) study,
the range of variance of scores studied was limited, 1 and 4, and the
distribution of t's was based only on 1,000 t's. The other three
studies were also based on violations which deviated in specified ways.
Although the results of these studies can be applied to situations in
which the violations of assumptions are similar, there are still
questions concerning situations in which other combinations of violations
are commonly found in educational research. '
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Procedure

The procedure that was followed in this study was based on
a Monte Carlo method of generating sequences of random numbers one
at a time as they are required. As pointed out by Hammersley and
Handscomb (1965), such pseudorandom sequences of numbers are most
convenient to calculate when working with an electronic digital
computer, and such numbers are appropriate for probabilistic
types of studies. For this study, computer routines were utilized
to generate numbers which were distributed in four basic shapes:
normal, positively skewed, negatively skewed, and leptokurtic.
The final program called for these routines as they were needed.

The first stage in the overall procedure was to generate
four basic populations of scores each with N = 10,000. These four
populations were distributed as noted above and initially each
population had a mean of O and a standard deviation of approximately
1. Standard score transformations were then used to produce
populations with means of 50 and standard deviations of 4, 8, and 16.

Four function routines were used to generate the populations
of numbers. The normal distribution was generated using the function
RMS(IST) which was developed at the University of Kansas Computation
Center. The argument IST is a 10-digit odd number originally
specified by the user and was different for each analysis. The
positively skewed distribution was generated by the function
routine PSK(IST). This function generates a X4 value from the
distribution of chi square with mean = 3 and variance = 6, the
shape of which 1s positively shewed. The function calls RMS (IST)
to obtain the normal variates used to find X2. The value returned
is standardized to a mean of O and a standard deviation of 1. The
negative skew function, RNSK(IST), is equal to -1 times PSK(IST).

The leptokurtic distribution was developed by generating a X2 value
with 1 degree of freedom, which is extremely positively skewed.

This function routine, RLEP, however, did not generate a distribution
as peaked as was expected since only 10,000 values were generated.
The distributions for each tail turned out to be U-shaped rather
than peaked, although tho measure of kurtosis was larger than for
normal distributions.

From these 12 populations (4 shapes and 3 different standard
deviations), three additional iransformations were made. The
first transformation converted each number obtained from the curves
to its nearest integer value. This resulted in a distribution of
integers which ranged from 0 to 100 inclusive. This transformation .
is referred to as the '"interval" transformation.

As these 10,000 numbers were generated for each population,
a record was made of how many numbers were observed for each of the
integers 0 to 100. These frequency counts were then used to obtain
the percentile rank of each of the integers 0 through 100. This yielded

-



a distribution of scores which are equally distributed from a

- percentiie rank of near O to a percentile rank of near 100, i.e.,
a percentile rank was computed for each interval number in each
of the 12 populations of numbers. This transformation is
referred to as the ''percentile" transformation of scores and
is rectangular in form. For each of these transformations, other
numbers were generated which retained the rectangular shape of
the distribution but varied the standard deviations. Since the
standard deviation of the percentile distributions was approximately
28.6, each percentile was divided by 3 to obtain an observed standard
deviation of approximately 8 and by 6 to cbtain an observed standard
deviation of approximately 4. The formulas that were used for
reducing the standard deviations are X, = 50 + 1/3(Xo, - 50) and
Xe = 50 + 1/6(X, - 50), where X, is the converted percentile rank
and X, is the original percentile rank.

The third transformation was designed to generate a
set of numbers such that the difference between two consecutive
numbers was not uniform. The difference between two consecutive
numbers follows no set pattern but varies from pair to pair but
retains the property of ordering. This transformation is
referred to as an ''ordinal" transformation and was generated by
adding or subtracting randomly selected digits to each of the
integers in the first transformation. To obtain the upper half of
the distribution, a random number from 1 to 25 was added to 50. Then
another random number from 1 to 25 was added to that result, and so on
until there were 50 such numbers greater than the starting number
of 50. Similarly, random numbers from 1 to 25 were successively
subtracted from 50 until 50 such numbers were obtained. At this
stage, the numbers varied from -558 to +658 with the distance between
numbers varying from 1 to 25 in a random pattern. Although the
mean of these numbers, based on the original frequencies, vas
approximately 50, the standard deviation was much larger than the
other transformations, e.g., 182.5. A standard deviation equal
to the standard deviations of the other distributions of scores
was obtained by standardizing each of the scores and then converting

it through standard score transformations to standard deviations of
16, 8 and 4.

The procedure followed to this point produced 36 different
populations of scores based on 4 shapes of distributions, three
standard deviations, and three types of transformations or scales.

For each of the combinations of standard deviations and shapes of
distribution, three sets of numbers were stored on computer tape

and read into the computer program as needed. These sets of numbers

were the interval numbers ranging from 0 to 100, and the corresponding
ordinal and percentile transformations for each of the interval numbers.
The values describing all of these populations (means, standard
deviations, and measures of skew and kurtosis) and frequency distributions
for the populations with standard deviation equal to 16 are listed

in Appendix A.




The three sets of numbers so far generated and stored on
magnetic tape were used by the main computer program which calculated
the r's and t's. The reSults of this study are based on
distributions of r's and t's based on 5, 000 "experiments', where
an "experiment" is defined as the random selection nf samples of
size n for k populations, where n may be 5, 15, or 30, and k
may vary from 1 through 12. Different random numbers were generated
for each of the 5,000 sets of samples. Thus, the results are bhased
on sampling from an infinite population, each set completely
independent of other sets.

For each "experiment", tvo sets of random numbers were
generated by the appropriate subroutine specified for that particular
"experiment." The shape, variance, and wize of the two samples,
hereafter referred to as Sample A and Sample B, were specified for
each "experiment", and all sampling distributions of r and t
were based on 5,000 sets of random numbers. The procedure used
for all "experiments' followed the sequence listed below.

The numbers in each sample were generated by the appropriate
shape subroutine--normal, positively skewed, negatively skewed, or
leptokurtic. The size of each sample, n, and the standard deviation
for the scores were specified on the control card. As each number
was generated, each number was first rounded off to its closest
integer value. The '"ordinal" and "percentile" equivalents to each
number generated was then obtained by a 'look up" procedure which
searched through the score transformations stored on magnetic
tape. This table "look up" procedure was done for each interval
number in both samples until the specified number of scores had
been found. Thus, for an A sample of size 5, there were thus
generated 5 interval numbers and the 5 correSponding "ordinal"
numbers and the 5 corresponding '"percentile" numbers.

After the three sets of numbers for both samples A
and B were generated, t's and r's were calculated between all
possible combinations of scores for A and B. Thus, a t
was calculated between A and B samples when the A scale was
interval and the B scale was also interval, when A was interval
and B was ordinal, A interval and B percentile, and so on for the
3x3=29 combinat:ions of scales for samples A and B. A frequency
distribution of the r's and t's was set up for each of the 9
combinations based upon the significance value of the r or t.
The values of r or t for each level of significance from .0005 to
.9995 for each degree of freedom used in this study were stored in
the computer at the outset of the main program. The theoretical
t values were obtained from Owen (1962), Hald (1952), and Fedirighi
(1959). The theoretical r values were obtained from David (1938)
for probabilities equal to or less than .10 and were computed
for probabilities of .20, .30, and .40 by using the following formula:
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Each computed r or t was then compared to the critical
value read into the computer, and a tally made for each r or t equal
to or less than the critical value. The resultant cumulative frequencies
were divided by 5,000 to obtain the proportion of t's and r's which
were equal to or greater than the critical value. The obtained
cumulative proportions were then compared to the theoretical distributions
of r and t to determine whether or not there was a significant
discrepancy. The Kolmorov-Smirnov test was used to determine whether
or not there was a significant daviation between theoretical and
empirical cumulative proportions (Siegel, 1956, pp. 47-52). The .05
level of significance was used for this test and for an N of 5,000, and a
difference larger than .0192 was significant at that level.

. In reporting the results, the cumulative probabilities were
changed to significance levels. Thus for the left tail, the percentages
reported are the probability that a t will be equal to or less than that
critical value, whereas for the right tail, the percentages reported
correspond to the probability that a t is equal to or greater than the
critical value. Although the computer provided the obtained cumulative
proportions of t and r for the following levels of significance
(.0005, .0010, .0050, .0100, .0250, .0500, .1000, .2000, .3000, .4000,
.5000), the tables in Appendices B and C list the output only for those
values betwecen .0010 and .0500. The reason for this is that these
are the probability levels most commonly used for hypothesis testing
and listing all values would have made the tables less manageable.

In addition to computing the r's and t's for the nine
combinations of scales, the program also calculated the mean, standard
deviation, and measures of skewness and kurtosis for each of the three
sets of numbers of both the A and B samples. The values for each
pair of samples were stored so that after the A and B samples had been
generated 5,000 times, it was possible to compute the mean of all
the A and B means, the mean of all the A and B standard deviationms,
and the means for the measures of skewness and kurtosis for both
A and B. The program also calculated the standard deviation of each
of these descriptive statistics to determine how varied the sets of
samples were. These descriptive statistics were provided as an index
of the extent each sample violated certain basic assumptions, namely
the shape of each distribution.

The formulas used in this study for the computations of the
statistics are as follows:

_ IX
X = N
lx2
S. D.= n
m3
Skewness = my A/m)
- ma -1
Kurtosis = my p
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where X denotes a raw score, sz denotes the squared deviation about
the mean, and mp, mj, and m, are, respectively, the second, third
and fourth moments about the mean. (Ferguson, page 76)

The formulas for r and t are those commonly found in
psychological and educational statistics, and are as follows:

NEXY -~ (EX) (EY)

rE'\/ﬁuxz - an?wry? - (zv)?]

Ma - Mp

x%a + Ex? N, o+ Ny

N, + Ny -2 Nalp }
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Results

The results of this Monte Carlo study are listed in tables
of the obtained distributions of t's and r's which are presented in
Appendices B and C respectively. In order to comparec the results
for various combinations of violations, all information relevant
to the particular distributions are presented in the same table.

For each table, the proportion of obtained t's or r's
exceeding the theoretical values for a one-tailed test at the
.001, .005, .01, .025, and .05 levels are given for both tails of
the distribution separately. For two tailed tests at a given
level, the appropriate proportions can be added together to determine
the proportion exceeding the theoretical value for a two-tailed
test. The difference between the obtained and the theoretical
proportions should reflect the degree to which violations of assumptions
affect the distributions of t and r. The theoretical levels of
significance for each column are presented across the top of the
table.

The types of scales being compared are given in the left
column for each sample being compared or correlated. The types
of scales used were interval (Int.), ordinal (Ord.), and percentiles
(Per.). Although in common practice, at least with computing t
values, one would not compare means based on different scales, for
the purposes of this study comparing various types of scales was
done in order to determine the effect on the t distribution for
combinations of scales as well as if both samples had the same
scale, e.g., an ordinal scale. In practice, there are often situations
in which a t test would be used to compare the means of two groups
when the type of scale being considered is only ordinal. Thus,
the ordinal-ordinal combination would have direct applicability to
general usage of the t test. Likewise, there are situations in
which the t test might be used to determine whether or not the means
for two groups are significantly different when percentile ranks are
used. Thus, the percentile-percentile comparisons would have direct
applicability. The other combinations of scales may only have
theoretical value since one would not compare means based on
different types of scales.

The type of distribution and the size of each sample for
A then B, are presented in the title of each table. As discussed
previously, various combinations of four basic types of distributions
were used: normal, positively skewed, negatively skewed, and
leptokurtic. The sample sizes for each "experiment" were 5 and 5,
5 and 15, 15 and 15, 15 and 30, and 30 and 30. At the bottom of
each table are presented descriptive statistics for each sample. All
of these statistics are mean values based on the statistics computed
for each of the 5,000 "experiments" used to compute the t and ¢
distributions. The means of the 5,000 means are presented mainly as
a check to insure that the means were not deviating from the population
mean value of 50. The means of the standard deviations are presented
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both as a check to make sure that the standard deviations were
approximating the values which were predetermined and to serve

as a reference for comparing the effect of various sizes of
variance. It should be noted that since the formula for computing
the standard deviation for each sample was !Z X2 , the

. SD=Al n

standard deviations of the samples underestimate the standard
deviations of the populations. The measures of skewness and
kurtosis are also presented for quick reference as to the type

of distributions being compared.

The Kolmogorov-Smirnov goodness-of-fit test was used to
determine whether or not the deviations of the obtained distributions
were significantly different from the theoretical distributions
(Siepel, 1956). The .05 level of significance was used for all
comparisons, and the obtained proportions which differed significantly
from the theoretical distribution are marked with an asterisk (*).

Since a number of different violations were considered
in this study separately and in combination, the results will
_be presented in a series of tables in which the various types of
populations are grouped together with subgroupings of tables
with variations in variances and types of scales. The combinations
of variances and types of scales for samples from normal population
distributions will be considered first, i.e., both Sample A and
Sample B are from normal populations of scores. Next will be
considered the results of sampling from populations in which Sample A
is from a normal distribution and Sample B is from a skewed
distribution. The third grouping of tables will present the results
for situations in which both the samples are from non-normal
distributions but both samples are from the same type of distribution.
In this grouping will be considered the results of sampling from two
positively skewed distributions. The next twc groupings will
present the results for sampling from non-normal distributions in
which the two samples are from two different kinds of populations.
The fourth grouping will consider sampling from a positively skewed
distribution for Sample A and from a negatively skewed distribution
for Sample B. The fifth grouping will present the results for samplings
from skewed and leptokurtic distributions.

For each of the five major subgroupings of scales as
delineated above, two subgroupings of scales will be considered for
each. The first is for those "experiments" in which the size of the
sample is the same for both Sample A and Sample B. The second
is for those "experiments" in which the size of the sample is 1
different for each sample. For each of these two subgroupings,
the following subgroupings will be considered. The first will be for
those samples in which both the A and B variances are comparable and the
same types of scales are being considered. The second will be for
samples with again equal variances but for different types of scale.
The third and fourth groupings will be for samples in which the varianres
are different for each but for the first group the scales are the
same for the second group the scales are different. It should be
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remembered that the percentile rank transformation is a rectangular
distribution, thus making a combination of variation in both
shape of distribution and type of scale.

In outline form, the tables will be discussed in the
following sequence for each of the six major groupings based on
basic types of distributions:

A. Equal sample sizes.

1. vVariances equal, same type of scales.

2. Variauces equal, different tvpes of scales.
3. Variances unequal, same type of scales.

4. Variances unequal, different types of scales.

B. Unequal sample sizes.

Variances equal, same type of scale.
Variances equal, different types of scales.
Variances unequal, same type of scales.
Variances unequal, different types of scales.

SN =
e o o o
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Distributions of t for .Samples from Normal Distributions

The proportions of t values obtained for the sampling
distributions from samples from normally distributed populations
are presented in Tables B-1 through B-19. The first seven tables
are for those situations in which the same size of sample is
used for both A and B.

For the situation in which there are no dif ferences
between sample A and B with regard to shape, size, variance, and
type of scale, the obtained distributions follow very closely to
the theoretical distribution. The obtained distributions of t
remain fairly close to the theoretical distribution even
for the situation in which the size and variance of the twn snmples
is the same but the type of scale is changed from interval
to ordinal. This holds for the situation in which both scales are
changed from interval to ordinal and for the situation in which
the scale is changed for only one sample, i.e., an ordinal and
interval combination of scales.

For the samples in which there is a difference in variance,
and the same scales are being considered, the obtained distribution
of t is also close to the theoretical distribution. This is true
even for the situation in which n = 5 for both samples and the ratio |
of one variance to the other is 1 to 16, i.e., a population standard
deviation of 4 for Sample A and 16 for Sample B. However, when
unequal variances and iype of scale are combined, at least for those
comparisons involving the percentile transformation, there are
significant discrepancies between obtained and theoretical distributions
of t. Generally, there is a larger proportion of t's than expected
and the distribution of t's 1is slightly skewed with the direction
of skew in the direction of the sample with the larger variance. This
is true for the situation in which the population standard deviations
are 4 and 28. As the differences in standard deviations of the
populations from which the samples are drawn are reduced, the discrepancy
between theoretical and obtained distributions of t is also reduced.
For the situation in which the standard deviations are approximately
the same, the obtained t distribution follows the theoretical
distribution very closely.

Thus, it seems that when sampling from normal distributions
and when the samples are the same size, oniy extreme differences in
variances have an effect on the obtained distribution of t. It also
seems as though the discrepancy is caused by differences in variance
rather than the type of scale bcing considered, since the discrepancy
is not significant when the difference in variances of the two samples
is reduced and two different types of scales are used for Sample A and
Sample B.

Also, it can be noted from Tables B~5 through B-7 that
with larger sample sizes, e.g., n = 15 or 30, there are no significant
discrepancies between obtained and theoretical distributions even with
combinations of differences in variances and types of scales.
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Tables B-8 through B-19 present the results for the
samples with unequal n's. Adding the variable of differences in
sample size drastically affects the observed distributions of
t when there is a combination of differences in variance and types
of scale. For the situation in which the variances of the two
samples are equal and the same type of scale is used, the obtained
distribution of t is close to the theoretical distribution. This
is also true for comparisons involving a change in scale, i.e.,
intevval to ordinal. As long as the variances remain equal, a change
of scale from interval to ordinal does not affect the t distribution
even for samples with unequal n's. However, for the percentile
transformations which also involve a change in shape of uistribution,
there are significant discrepancics between obtained and theoretical
distributions even when the variances are cquivalent. As can be
noted in Tables B-10 and B-13, the comparisons of both interval
and ordinal scores with percentile scores results in a significantly
greater proportion of t's when the larger variance is associated
with the larger sample size, and the proportion tends to be slightly
less when the reverse is true. .

The obtained distributions of t depart quite drastically
from the theoretical distributions for the "experiments™ in which the
same types of scales were considered but for which the sizes and
variances differed. The results are similar for both the interval
and ordinal scales and for the combinations of these scales. With
standard deviations of 4 for the smaller sample and 16 for the larger
sample, the proportion of t's obtained is much smaller than expected,
e.g., as listed in Table B-12, .0042 for a two-tailed test in which
both scales are interval compared to the theoretical .05 level. When
the sample with the smaller size has the larger standard deviation,
the proportion of t's obtained is much greater than expected,

e.g., as listed in Table B-17, .1492 for a two-tailed test in vhich
both scales are interval compared to the theoretical .05 level.

At the .01 level, .0586 exceed the nominal value. The results are
similar for the "experiments" in which the differences in population
variance is on a ratio of 1 to 4, i.e., a standard deviation of 4

for one sample and 8 for the other sample. From an examination of these
tables, it becomes apparent that the combination of differences in
sample size and differences in variance is associated with significant
departures of the obtained distribution of t from the theoretical
distribution. The same results remain cven when the sample sizes are
increased to 15 and 30, and are similar to the findings of Boneau (1959)
and Welch (1937).

For the comparisons in which the percentile transformations
are involved, the results are similar to those above. However, it
scems as though the discrepancy between obtained and theoretical t
distributions is more a function of the combination of differences
in variances and sample sizes than it is in type of scale. Considering
the situation in which an interval scale is used for Sample A and
the percentile transformation is used for Sample B, when the sample
sizes and standard deviations are, respectively, n =5, SD = 4 and
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n = 15. Sh = 28, there are wide discrepancies between theoretical
and obtained distributions of t. As an example, in Table B-8 the
proportion of t's exceeding the nominal .05 level for a two~tailed
test is only .0042. In Table B-10, where the standard deviations
are equivalent, the proportion of t's exceeding the nominal

.05 level is .0346, and in Table B~14 for the same comparison,

.0402 exceed the uominal .05 level when the standard deviations are
4 and 4. Thus it seens that the discrepancy is associated more

with difference in veriance than with tvpe of scale and in this case
=shape of distribution.

Many other combinations of the variables listed in these
tables could be considered. A lengthier discussion of these tables
would point out the results of specific combinations of violations.
However, the examples cited above seem to point out the general
effects of these combinations of violations.

It should be pointed out that the results for sampling
from combinations of normal and leptokurtic populations as well
as when both populations were leptokurtic are almost identical to
the results of sampling from normal populations. Thus, the results
presented in tables B~56 through B-67 and B~130 through B-136 are
very similar to the results in tables B-1 through B-19. Possibly
this was due to the fact that the shapes of the leptokurtic distributions
were not as peaked as they might have been, but more likely this
was due to the fact that for small samples the samples are quite
platykurtic. The means of 5,000 individual measures of kurtosis
for samples where n = 5 hovers around -1.0 for both the samples from
normal and leptokurtic distributions. Even when n is increased to
15, the mean of the measures of kurtosis is only around +1.0
for the interval scales and slightly less than that for the ordinal
scales. Thus, the samples from normal and leptokurtic populations
are very similar with regard to kurtosis and skewness, and the results
of this study for sampling from normal populations seem to apply to
sampling from leptokurtic populations or combinations of normal
and leptokurtic populations as long as both of the distributions are
symetrical. As will be poirted out later, the results for combinations
of leptokurtic and skewed populations are different than for combinations
of normal populations and skewed populations.

€~ o] T~
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Distributions of t for Samples from Normal and Skewed Distributions

The proportions of t values computed between samples
from normally distributed and skewed populations are presented in
Tables B-20 through B-55. Since the results are i:dentical but
reversed for the positively skewed as compared to thc i :gatively
skewed populations, the discussion will deal only with the sampling
distributions of t for samples from normal and positively ~kewed
populations. These results are presented in Tables B-20 tkvough B-41.

For the "experiments" in which Sample A is from a normally
distributed population and Sample B is from a skewed population and
when the sizes of the samples, variances, and types of scales for the
two samples are the same, there are sigrificant discrepancies
between the obtained and theoretical distribution of t, at least
when the sample size is 5 for both samples. There is a consistent
trend for the distribution of t's to be skewed in the direction of the
skew in the population from which samples are drawn. This trend
prevails even when the size of the sample is increased to 15,
although the discrepancies are not significant with this larger
.sample size.

This trend continues regardless of the type of scale used
if the other variables remain constant. In fact, a change of scale
from interval to ordinal or percentile rank seems to reduce the
discrepancy between observed and theoretical distributions of t.
Possibly this might be due to the fact that the average skew for
ordinal and percentile rank transformations is not as large as for
the interval scales.

The distribution of t becomes quite skcewed for samples
with unequal variances even when the sample size is 30 for both
samples. For the situation in which the scales are the same for
both samples and the differences in the population variances are
16 and 64, as for example in Tables B-23 and B-24, the proportion
of t's exceeding the nominal 5 per cent level on a one-tailed
test is approximately .11 for the right tail and stays around .02
in the left tail.

Similar results are noted when a change in type of scales
is added. As with other combinations of scales discussed so far,
the discrepancies in the t distributions are similar for both the interval
and ordinal scales. However, more of the percentile transformations
are now involved in the significant discrepancies. Possibly this might
be due to the fact that regardless of scale, when small samples are
drawn from skewed populations, there are more samples with means less
than 6r greater than in the case of negatively skewed distributions)
the population mean even though the mean for all means is equal to the
population mean. Since the greater proportion of scores in a skewed
distribution are located in the tail opposite the skew, it seems
reasonable to assume that most of the scores will be randomly drawn
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from this arca. Thus, the distribution of t for skewed distributions
would also be skewed in the same direction as the skew in the population,
dependent of course on which mean is subtracted from the other in the
numerator.

For the situations in vhich the n's are not equal, there
are significant discrepancies between obtained and theoretical
distributions of t even whca the variances and types of scale are
the same for both samples. Again, as can be observed in the tables
beginning with Table B-30, the distribution of t is skewed in the direction
of the skew in the population. This is true and remains consistent
regardless of the type of scale which is being considered. However,
the discrepancy is slightly less when one or both of the scales is
the ordinal transformation. Possibly this is because the ordinal
transformations are less skewed than the interval scales. The comparisons
involving the percentile rank transformations result in as many or
more significant discrepancies than the comparisons involving only
the interval scales. Possibly this might be due to the slightly
higher standard deviation of the percentile rank samples than the
samples using the interval scales. As can be seen in Table B-32,
when the smaller standard deviation is associated with the smaller
sample size the proportion of t's is less than the ex; 2acted
theoretical proportivn and more than expected when the combination
is reversed. This seems to be happening even when the difference
in standard deviations is less than one point. Possibly there is
a compounding of effects of shapes of distribution and different
variances. lowever, for the interval-percentile and the ordinal-
percentile scale combinations the higher proportion of t's is in
the left tail rather than the right tail. This might be an indication
that differences in variances has more influence on the proportion
of obtained t's than shape of distribution.

Larger differences in variances between the two samples
drastically affects the proportion of obtained t's. Referring to
Table B-34, the proportioli of observed t's diminishes to almost nothing
in the tail opposite the skew for combinations of both smaller sample
size and the smaller variance. At the nominal .025 level for a one-
tailed test, only .0004 of the t's exceed the t value at this level.
The proportion of t's exceeding the same level for the right tail is
onlv .0138. The above is for the situation in which the ratio of
the variances is 1 to 16 and both scales are interval. When the ratio
of the variances is reduced to 1 to 4, i.e., standard deviations
of 4 and 8, the pattern remains almost the same for the left tail but
the proportion of Efs for the right tail increases and approaches the
.05 proportion of t's at the nominzl 5 per cent level for a one-tailed

| test. This same pattern holds regardless of the type of scales being
considered, and is consistent even when the sample sizes are increased
to 15 and 30.

When the sample with the smaller variance has the larger
n, as in Tables B-38 through B-41, there is a confounding effect of the




variance-size phenomena and the shape-of-distribtuion phenomenon.
llere the obtained proportions greatly exceed the theoretical

proportions in both taile. This is true even for small differences
in standard deviation, e.g., 4 and 6 as listed in Table B-40

for the percentile-interval comparisons, and for samples sizes of
30 and 15 as listed in Table B-41. Thus it seems as though the
combination of samples from normal and skewed populations tends to
influence the distribution of t when the other variables are equal
and has a very pronounced effect when the variances and size of
samples are different for each set of samples.
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Welch, B. L. The generalization of student's problem when
several different population variances are
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Distributions of t for Samples from Positively Skewed Distributions

The distribution of t values computed between samples coming
from positively skewed distributions are presented in Tables B-68
through B-89, Tables B-68 through B-77 present the results for the
comparisons involving the same sample sizes, and Tables B-78

through B-89 present the results for comparing samples of uneaual
sizes.

Under the conditions of equal variances, equal n's, and
same type of scale, the obtained distribution of t: is fairlv close
to the theoretical distribution. This is true for all three types
of scales separately or in combination. Thus, sampling from distribuiions .
which are skewed in the same direction does not have a significant
effect on the t distribution provided the size of the samples and
their variances do not differ regardless of the type of scale.

For the same conditions as listed above but with the
exception that there is a significant difference in the variances
of the two samples, the distribution of obtained t's is sifrnificantlv
different than the theoretical distribution. For the ' experiment:s
in which both samples sizes are n = 5, the distribution of t's
is skewed in the direction of the skew of the population. For all
three types of scales either separately or in combination, the trend
is for the proportion of t's to be greater than expected in the
right or positive tail, and less than what would be expected in the
left tail. The trend remains very consistent from samples of n = 5
each to n = 30 each, Thus, increasing the size of the samples
does not reduce the discrepancy as much as in some previous
"experiments'. There is some variation in the extent of discrepancy
as the ratios of the standard deviations become closer, For the
ratio of variances of 1 to 16, as in Table B~70, the proportion
of t's which exceed the nominal 5 per cent level on a one-tailed test
are .0236 and .1422 for, respectively, the left and right tails of
the t distribution. When the ratio of variances is 1 to 4 as in
Table B-71, the proportions for the same comparisons are .0294 and
.1048. For this same variance ratio, i.e., 1 to 4, increas1ng the
size of both samples to 30 chanpes the proportion of t's to, respectively,
+0326 and .0748 as presented in Table B-77.

It is interesting to note that for most of these comparisons
the larger variance was for Sample B. Since the numerator of the t
formula used X - B, possibly the larger proportion of t's in the
right tail is due to the fact that most of the B means were less than
the A means because of the larger variance. However, for the interval-
ordinal comparisons in vhich the larger variance is also in Sample B,
the proportion of t's is larger in the left tail. This trend is more
prevalent when the variances are equal. Possiblv there is a confounding
effect of differences in variances and shapes of distributionms.

For the experiments in which the n's of the two samples differ,
there is a slight trend for the t's to he positively skewed when the
variances of the two samples are equal. This seems to be true for the
interval and ordinal scales, but for the interval-percentile and ordinal-
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APPENDIX A

POPULATION VALUES AND DISTRIBUTIONS




percentile combinations of scales just: the reverse is true. A
comparison of the distribution of t's for these combinations of
scales as presented in Tables B-80 and B-81 shows that there are
significant discrepancies in the t distribution even with very
slight differences in variance, When the A sample has the interval
scale and the smaller standard deviation, 3.2 compared to 4.6,

the proportion of t: s in the right tail is less than expected.

When the A sample has the percentile scale and the standard
deviation of 4, the proportion of t's is greater than expected.
This again might be indicative of the greater influence on the

t distribution due to differences in variance rather than shape

of distribution.

For the combinations of differences in n and variance for
the two samples, large discrepancies between obtained and theoretical
distributions of t are found. As in previous examples, when the
sample with the smaller n has the smaller variance, the proportion
of t's is significantly less than expected. This is especially
true for the left tail, or in this case, the tail opposite the
skew in the population of scores. This tendency is true for all
scales and for n's of 5 and 15 and 15 and 30. When the
sanple with the smaller variance is larger in size, the proportion of
t's is larger than expected and the distribution of t's is
positively skewed. This is true for both the interval and ordinal
scales used and for combinations of n's ranging from 15 and 5. to

30 and 15, These results are similar to the results of sampling
from normal and skewed distributions.
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Shape of

Distribution -

!
g
»

/
Normal

Positive
Skew

Negative
Skew

Leptokurtic

Table A-1

POPULATION VALUES FOR DISTRIBUTIONS WITH

STANDARD DEVIATION OF 16, N = 10,000

Type of
Scale

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Mean

50.268
50.000

50.000

49.704
50.000

50.000

50.722
50.000

50.000

50.173
50.000

50.000

Standard
Deviation
16.197
16.000

28.862

15.970
16.000

28.860

16.151
16.000

28.860

14.292
16.000

28.834

)
'~ A
« v

Skewness

0.010
0.016

0.000

0.917
1.039

0.001

-0.971
-1.090

-0.001

-0.004
0.002

-0.001

Kurtosis

-0.173

0.114

. =1.200

0.223
0.631

-1.201

0.380

0.803

.=1.201

0.773
1.661

-1.213




Distributions of t for Samples from Positive and Hegative

Skewed Distributions

When t's arze computed between two samples which are
skewed in opposite directions, the distributions of such t's
are usually significantly different from the theoretical
distribution and are generally skewed. The results for these
comparisons are presented in Table B-90 through B-115.

For the "'experiments' in which the n's, variances, and
types of scales used are the same for both samples and the only
‘difference is the opposite skew in the population distributions,
the distributions of t's are skewed and deviate significantly from
the theoretical distributions. This is true for all scales, with
the exception of when both samples use percentile scales.

However, for those comparisons in which one of the samples uses an
ordinal or interval scale and the other sample uses a percentile
scale, the discrepancy is not quite as large and is usually not
significant. Possibly this is due to the fact that the percentile
transformations are not as skewed as the other two. tvpes of scales.
Increasing the sample size from 5 and 5 to 15 and 15 reduces the
extent of the discrepancy but most of the discrepancies are still
significantly different from the theoretical distribution. There
is a further reduction when the size of the samples is increased
te 30, with fewer of the discrepancies significantly different from
the theoretical distribution.

When there is a difference in the variance between the
tvo samples from oppositely skewed distributions, the discrepancy
between obtained and theoretical increases but not to the same
extent than changes in variance affected other t distributions.
Possibly this might indicate that the discrepancy is due more to
the shape of the distributions and differences in variances do not
confound the results as much as with other shapes of distributions.

It should be noted again that the numerator of the t
formula consistentlyv used A - B. Since the A samples were from
positively skewed distributions for all comparisons and the B samples
were from negatively skewed distributions, the obtained t distributions
were positively skewed with most of the t's in the left tail.

This is probably due to the fact that the majority of the A means
vere probably lower than the population mean for A, whereas the
majority of the B means were probably higher than the population mean
for B. Thus, most of the differences between means were negative thus
resulting in more nepative t values. In order to determine if this
vas happening, Table B-90 was re-run but with the negatively skewed
distribution for Sample A. The results were identically opnosite

the results in Table B-90. Thus, the direction of the skew in the
distribution of t is due to the probability of obtaining more means
from the larger area of skewed distributions and the direction of the
skew will depend upon vwhich mean is subtracted from the other.

With unequal size samples but with the variances equal, the ‘
distributions of t follow the same pattern as above, i.e., significant !

’
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Table A-2
POPULATION VALUES FOR DISTRIBUTIONS WITH
STANDARD DEVIATION OF 8, N = 10,000

Shape of Type of Standard
Distribution Scale Mean Deviation Skewness Kurtosis

Interval 50.102 8.023 -0.009 0.039
Ordinal 50.000 8.000 -0.012 -0.224

Percentile 50.000 28.846 0.000 -1.999

Interval 49,851
Positive

Skew Ordinal 50.000

Percentile 50.000

Interval 49,956
Negative

Skew Ordinal - 50.000

Percentile 50.000

Interval 49.969
Leptokurtic Ordinal 50.000

Percentile 50.000




discrepancies from theoretical and skewed to the left. This is
penerally true for all scales. However, for the t distributions
involving percentile scales the discrepancy is usually not as large
and sometimes is even skewed in the opposite direction. Possibly
this is again due to the fact that the percentile transformations
were not as skewed as the interval and ordinal transformations, or,
possibly the slight difference in standard deviations might be
causing this effect. That this might be suspected comes from looking
at Table B-106, comparing the interval-percentile and percentile-
interval pairing of scales and standard deviations. It seems as
though the size-of-sample matched to size-of-variance phenomenon
might be producing this effect here as it has in numerous other

examples, even though there is less than one point differences
in the standard deviations.

When unequal sample size is combined with unequal variances
the same phenomenon seems to influence the distribution of t
as it has with other shapes of distributions. The t distribution
remains positively skewed with most of the t values in the left
tail., As with other combinations of sizes of variance and sample
size, t distributions based on samples vith the combination of small
size and small variance are significantly less than what would be
expected. The fact that the t distributions are skeved seems to
indicate that there is a confounding effect of the influence of
size and variance plus the fact that the samples are drawn from
skewed distributions. When the ratio of variances is 1 to 4 for,
respectively, the samples withn = 5 and n = 15, the proportion of
t's exceeding the nomirial 5 per cent level in the left tail is about
.04 but for the right tail is only .007. When the size of the samples
is reversed, the proportions of E's are, respectively, .1780
and .0860. This trend is the same even for the samples with
n = 30 and n = 15.

28




Shape of
Distribution

Normal

Positive
Skew

Negative
Skew

Leptokurtic

Table A-3

POPULATION VALUES FOR DISTRIBUTIONS WITH

STANDARD DEVIATION OF 4, N = 10,000

Type of
Scale

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Interval
Ordinal

Percentile

Mean

50.071
50.000

50.000

49.971
50.000

50.000

50.034
50.000

50.000

50.048
50.000

50.000

Standard

Deviation

28.

28.

28.

28.

.004

.004

785

.021

.000

702

.079

.997

699

.908

.002

642

Skewness

0.

-0.

0.

015

040

000

.720
.995

.019

.711
.966

.019

.043
.091

.002

Kurtosis

-0.

~0.

-1.

309
606

196

+256
.528

.212

.976
.176

.210

€46

.156

.234




Distributions of t for Samples from Positivelv Skewed and
Leptokurtic Distributions

The distributions of t obtained from comparing samples
drawn at random from skewed and leptokurtic distributions are
presented in Tables B-116 through B-129. Again, since the
effects are just reversed for the negatively shkeved compared to
the positively skewed distributions, only the results comparing
the positively skewed with the leptokurtic distributions will

be discussed. These results are presented in Tables B-116
through B-122,

For the "experiments" in which the sizes of the samples
and the variances are equal, there is a slight skew in the ohtained
t distribution, with. the higher proportion in the tail opposite
the direction of the skew for the population distribution. However,
the effect is not very extensive resulting in .0734 and .0270 t's
falling in, respectively, the left and right tails at the .05
level for a one-tailed test. The result is similar for sample
sizes of 15 for each sample compared ton = 5 as reported above.
When the scale used is ordinal for both or either one of the samples,
the distributinns of obtained t's is closer to the theoretical
distribution. With equal n's but with differences in variances
between the two samples, the obtained distributions of t are
very close to the theoretical distribution even when the ratio
of one variance to the other is 1 to 16. This is true for both
the interval and ordinal scales. However, for the distributions of
t values obtained when there is a combination of differences in variance
and the two scales being compared are either interval and ordinal
compared to percentile, there are significant discrepancies between
obtained and theoretical distributions of t. Tor the smaller size
samples, n = 5, there are significantly greater proportions of
_t_:_'s in both tails of the distributions than one would expect. Tor
n =15, the proportion of t's in both tails tends to be slightly

but not significantly greater, e.g., .0572 and .0558 at the .05
level for one-tailed tests.

For samples with unequal n's, there. are not significant
discrepancies between obtained and theoretical t distributions for
the interval and ordinal scales when the variances of the two
samples are equal. Tor all scales, either separately or in combinations,
vhen there are differences between the two samples with regard to
both sample size and variance, there are significant discrepancies
between the obtained and the theoretical distributions of t. The
proportions follow the same pattern as with other shapes of distributions,
namely that when the sample with the smaller variance also has the
smaller n, the proportion of E's obtained is much Zess than expected,
e.g., .0032 for a two-tailed test at the nominal .05 level. For the
reverse combination of size and variance, the proportion if much

larger than expected, e.g., .2628 for a two-tailed test at the nominal
.05 level. '




NORMAL DISTRIBUTION STANDARD DEVIATION =16

INT

-0

AN

VONTMEWN
AN

kY

PER

0.005
0.015
0.055
0.100
0.120
0.140
0.175
06220
0.285
0.385
0.515
0.635
0.785
0.955
1.145
1.455
1.780
2.075
24345
2.705
3,140
3,580
4,135
4,815
56520

6.230

6.985
7755
84625
9.620

10.650

11.810
13.095
14,435
15.815
17.310
19.035
20,900
22.720
244570
26,515
284,575
30.720

32,920

35,110
37.300
39.635
42,145
44,760
474155

ORD

~2.87383
~1¢57597
-0653768

0.06798

0.677365

179847

361547

3.96157

560553

673034

8054735

9,15301
10.01826
11.92179
13,04660
1417141
15.90189
1719975
17.63238
18.23804
19.18981
2066072
21.0933¢4
22465077
26.,81387
25.07345
25.59259
27432307
27.66917
29.48618
30.52447
31.73580
3225495
33.,55281
34.85067
35.,54286
36.75420
38,22511
39.007383
41,16693
41.59955

41477260

42.37827
42.46479
42.63784

. 43424351

44,10875
44,88746
46.96404
48.,86757

A-4

FREQ

1.000
1.000
74000
24000

- 2000
24000
54000
44000
9.000
11.000
15.000
9.000
21,000
13000
250000
37.000
28,000
31.000
234000
49.000
38.000
50000
61.000
754000
66.000
76000
754000
794000
95.000
1044000
102.000
130.000
127,000
141.000
135.000
1644000
181.000
192.000
172.000
198.000
191.000
221.000
2084000
232.000
206.000
232.000
235.000
267,000
256.000
223.000

N=10,000




Distributions of r for all Populations

For all of the "experiments" involving an equal number of
scores for each sample and standard deviations of 4 and 16,
correlation coefficients were computed between the twe samples
of scores. A total of 324 distributions'ofig's were computed,
108 of which are presented in Appendix C. Since the r was not
influenced to the extent that t was, it was deemed not necessary
to present all of the tables but (o present those tables for the
comparisons involving situations in which no violations were

made to exist to situations in which extreme violations of the
assumptions existed.

The results of comparing the obtained distributions of
r to the theoretical distributions indicated that there were minor
discrepancies under all conditions studied. The distributions of
r for situations in which no violations in shape of distribution
are known are presented in Table C-1. Under these conditions
the obtained distributions are very close to the theoretical
distributions even when interval or ordinal scales are matched
‘with percentile ranks and the standard deviations are, respectively,
4 and 24. The results for other normal distributions presented
in the next three tables, C-2 through C-4, also indicate that
regardless of ratios of variances or types of scales, the

obtained distributions are close to their respective theoretical
distributions. :

When the samples are drawn from normally distributed
and positively skewed distributions, the distributions of r are
still very close to the theoretical distributions. The' results
of these computations are presented in Tables C-5 through c-8.
Regardless of type of scale or ratio of variances, even for
n = 5 the distributions of r are very close to their respective
theoretical distributions.

For the "experiments" in which one sample was drawn from
a positively skewed population of scores and the other was drawn
from a negatively skeved distribution, there is a slight skew in the
obtained distributions of r, but there is only one instance where
the proportion of r's is significantly different from theoretical.
This is in Table C-11, and is the only significant discrepancy for
all 324 distributions of r's computed in the study. As indicated
ahove, for all distributions of r computed between oppositely
skewed distributions of scores, there was a tendency for the distributionms
of r to also be skewed, and this tendency seems to be more pronounced
for n = 15 than for n = 5. Possibly this might be due to the fact
that the larger sized samples were more skewed than the smaller samples.
The average measure of skew for n = 5 was around + or - .4 whereas
for n = 15 the average skew was around + or - 1.0. For sample
size n = 5, the discrepancy between observed and theoretical proportions
is generally within + or - .0l of the nominal .05 level but is much
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494455
51815
54,305
564895
59.390
61.825
644055
664170
68,295
70360
72,440
T44.440
764240
77925
79,670
81.355
82.950
84,475
854795
87.050
88,405
89.760

- 904860

91.795
92.685
93,525
94,305
95,000
954660
96,240
96.715
97.150
97545
97.870
98.175
984430
98.655
98,855
99,005
99.170
99.345
99.455
99,540
99.640
99,715
99,785
99.845
99.870
99.895

49.,73281
50459805
52.50158
54.57816
55.35688
56622212
56482779
57.00084
57.08736
57.69303
57.86608
58429870
60.46180
6124052
62.71143
63492276
64061496
65.91282
67.21068
67.72983
68.94116
69497945
7179646
7214255
73.87304
7439218

" T4e65175

1

76481485
78437229
78.80491
80.27582
81.22758
81.83325
82.26587
83.56373
8529422
86441903
87.54384
89.44737
90.31261
90.91828
92.73529
93.86010
95.50406
95.85015
97.66716
98.79197
99.39764
00.00331

237.000
235,000
263.000
2554000
244,000
243,000
203.000
220000
205.000
208,000
208.000
192.000
168,000
169.000
180000
157.000
162.000
143,000
121,000
130.000
141.000
130.000
90.000
97.000
81.000
87.000
69,000
70,000
62,000
54,000
41.000
46,000
33.000
32.000
29.000
22.000
23.000
17.000
13.000
20000
15,000
7000
10.000
10,000
5000
9.000
3.000
2.000
3.000

99.950
99,995

101.04160
102.33946

8.000
1.000

A-5




closer for higher levels of probability. This is true for all
combinations of scales and ratios of variance. The proportions
or r in Tables C-9 through C-12 represent the distributions
if r which were computed under more violations of the basic

oy assumptions than the situations in other computations. Even
" though the discrepancy between obtained and theoretical
distributions of r was largest for these computations,
the fit is very gond. Thus, it could be concluded that even
under extreme violations of the basic assumptions underlying
r there is little effect on the obtained distributions of r.
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~ INT

VO~ VMPELN—=D

PER

O
Oe
O
O
O
Oe
Oe
O
O
O
Oe
O.
O
O
O
O
O.
O.
Oe
Oe
O.
Oe.
Oe.
O.
O.
Ne
O
O.
0.630
2.170
44295
6.615
9.200
12.250
15330
184325
21.465
24,600
276665
300725
33.730
36,645
39.340
42.015
44,735
47.360
49,875
520285
544725
57.100

ORD

-3.37754
-2406052
-1.00691
-0439230
0.22231
1436372
3.20754
3,55875
5422697
636838
8.21221
8.82681
9.70482
1163645
12.77786
13.91928
1567530
16499231
17.43132
18.04593
19..01174
20450436
20.94336

22.52378

24,.,71881
24,98221
25450902
2726504
27.61625
29.46007
30.51368
31.74290
32426970
33,58672
34,90374
35,60614
36483536
38432798
39,11819
41.31322
41.75222
41,92782
42454243
42463023
42,80583
43,42044
44429845
45,08866
47.,19589
49,12751

A-6

POSITIVE SKEW STANDARD DEVIATION =16 N=10,000

FREQ

O.
O
O
Oe
O.
O.
O
Oe
Oe
Oe
O
O
O
O
O
O
O.
O
O
Oe
O
O
O
O
Oe
O
O
O
126.000
182.000
243,000
221.000
296.000
314.000
302.000
297.000
3231.000
296000
317.000
295.000
306000
277.000
262.000
273.000
271.000
2544000
249.000
233.000
255000
220.000




Summary and Conclusions

In order to assess the effects of violations of the basic
assumptions underlying r and t, a total of 1,332 distributions of
t and 324 distributions of r were obtained by computing these
statistics between samples which were known to violate the basic
assumptions in various degrees. Various combinations of differences
in shape of distribution, variance, size of sample, and type
of scale were studied. The general paradigm which was followed in
this study was, given a true null hypothesis, the proportion of either
the r's or the t's exceeding the nominal levels of significance
should reflect the influence of the violation or combination of
violations., Thus, the proportion of obtained r's or t's exceeding
the values of these statistics for a given significance level vhen
the null hypothesis is true and all assumptions are met shoula
indicate whether or not a particular violation had an influence
on the obtained distributions and to what extent.

The results of this study indicate that the Pearson product
moment correlation coefficient is insensitive to rather extreme
violations of the basic assumptions. Failure to meet the basic
assumptions separately or in various combinations had little effect
on the obtained distributions of r. For all of the 324 distributions,
each of which was based on 5,000 r's, therxe was onlv one proportion
of r's which deviated significantly from the nominal expected

proportion. This was at the .05 level for a one tailed test
involving correlation coefficients computed hetween samples one
of which came from a positively skewed distribution and the other
from a negatively skewed distribution. Thus it is concluded

that the effect of the basic assumptions underlying r is
negligible. '

The results of this study are similar to the results
of the study by Norris and Hjelm (1960). These authors found
that when the population correlation was near 2ero, the shape of
the sampling distributions of r did not varv markedly as a
function of nonnormality in the distributions of scores. Also,
when sampling from skewed distributions, the sampling distributions
of r was also slightly skewed causing one tail of the distribution of
f to have a higher proportion of r's than expected and the other
tail a smaller proportion of r's than expected. However, this author
does not feel that the discrepancy between observed and theoretical
proportions is great enough to cause the researcher to not use r
when violations of the basic assumptions are known to exist.
Possibly, as pointed out by Lindquist (1953, p. 81), one should
make allovances for these discrepancies in the interpretation of
the results of one's studv, For example, referring to the results
presented in Table C-12, when the nominal visk of a Type I error
is .01 for a one-tailed test that r is negative, the true risk mav
be as large as .02. TFor the test that r is positive, the true risk
may be only as large as .005.
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51
52
53
54
55
56
57
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64
65
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67
68
69
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77
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80
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634340
65.320
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70.800
724460
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96.140
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195,000
222.000
194,000
202,000
169.000
183,000
190.000
142.000
1514000
127.000
1264000
131.000
125.000
135,000
104 000
113.000
854000
103.000
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90.000
81.000
72.000
584000
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52000
49,000
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43.000
544000
42.000
42.000
33,000
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204000
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The results of this study seem to indicate that the t test is
not as robust as other researchers have found, e.g., Boneau (1960)
and the Norton study (Lindquist, 1953). However, the results are
consistent with those of Baker et al (1966) who found that the t

distribution is little affected by the type of measurement scale
used.

The results of this study are summarized in Table 1
which gives for selected combinations of shape of population, variance,
and sample size the proportion of obtained t's falling outside the
nominal .05 and .01 probability limits for one-tailed tests in
both directions, The combinations are representative of those used
throughout the study and are for combinations of normally distributed,
positively skewed, negatively skewed, and leptokurtic distributions.
However, since type of scale did not seem to influence the obtained
distributions of t, only the results for combinations of samples
in which both samples used the interval transformations were
considered for this summary table. For comparative purposes,

the format of the table is similar to the table prepared by
Boneau (1960, p. 61).

The results of this study lead to the following conclusions:

1. When sampling from normal distributions, the obtained
distribution of t s matches the theoretical distribution when either
or both the n's or variances are equal for both samples. However,
when there are differences with regard to both variance and sample
size the obtained distribution of t departs significantly from the
theoretical distribution., As reported in other studies, e.g.,
Welch (1937) and Boneau (1960), when the sample with the smaller
variance also has the smaller samples size, the proportion of
obtained t's is muth less than expected, and when the sample with
the smaller variance has the larger n, the proportion of t's
obtained is much more than expected.

2. When sampling from the same nonnormal distributions
such as both positive skewed or leptokurtic distributions, the
obtained distributions of t match the theoretical distributions when
the samples are equal in size and variance. However, with equal n's
but different variances, the distributions of t are skewed and the
resulting proportions are significantly different than expected for the
skewed distributions, Contrary to the results of Boneau (1960),
this discrepancy does not diminish with larger samples, e.g., n = 30
for both samples. With combinations of differences in both n
and variance, the results are similar to these combinations as noted f 1
above but are more extensive.

3. When sampling from two different nonnormal distributions,
the obtained distributions of t depart significantly from the
theoretical distributions even when the samples are of the same size ‘
and have the same variance. When the sampling is from distributions \
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NEGATIVE SKEW STANDARD DEVIATION =16
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0.095
0.310
0.565
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41.000
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which are skewed in opposite directions, the obtained distributions of
t are also skewed. Significant discrepancies were found between
obtained and theoretical proportions of t for all combinations of

n's and variances. Even with n = 30 for both groups and with

equal variances the proportion of t's were significantly different
than expected. For combinations of differences in both n's

and variances, the same trend is noted as before.

4., When sampling from two different distributions one
of which is normal and the other skewed, the obtained distribution
of t also tends to be skewed even for equal n's and variance. .
Again, contrary to the results of Boneau (1960), the distributions
of t remain skewed and there are significant discrepancies from
expected even with n's of 30. Thus the effect of increasing the
sample size does not normalize the obtained distribution as readily
as Poneau found. With various combinations of unequal n's and

variances, the same results occur with these distributions as noted
with other distributions.

In this study, the t test was found to be quite sensitive
to certain violations of its basic assumptions. Departures from
normality seemed to produce significant discrepancies between
theoretical and obtained distributions of t even for samples
with equal n's and variances. Thus the t-test does not secem to
be "functionally nonparametric or distribution-free' as Boneau
states (1960, p. 63). Significant discrepancies between the nominal
and actual level of significance were found for many combinations
of violations of the basic assumpticns. Thus it is suggested that
researchers carefully consider all of the assumptions underlying the
t test before applying it in all situations. As pointed out in this
study, failure to satisfy all of the assumptioms underlying the t-test
often alters the probability of a Type I error. Thus the experimenter
may be in the position of having far greater or far fewer chances
of rejecting a true null hypothesis than he realizes, and the conclusions
that he reaches might be due to the effects of violations of
assumptions rather than treatment effects.

35




39,945
424240
44,500
46.645
48,780
51.060
53,545
56255
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O
Oe
O
O.
Oe

100.000
100,000

101.02228 Oe
102432271 Oe




Table 1

SUMMARY TABLE OF ACTUAL PROBABILITIES OF TYPE I ERRORS WITH A
ONE-TAILED t TEST FOR VARIOUS COMBINATIONS OF POPULATION
SHAPES, POPULATION VARIANCES, AND n's

Nominal Level of

Significance
Sample A Sample B
.05 .01

Shape T n Shape ¢ n Left Right Left Right
Nor 4 5 Nor 4 5 .049 .049 .008 .010
Nor 4 5 Nor 8 5 .056 .060 .014 012
Nor 4 5 Nor 4 15 042 .051 .008 .010
Nor 4 5 Nor 8 15 .017% ,015*% ,001 .002
Nor 4 15 Nor 8 5 .118*% .115% .045% ,041%
Nor 4 5 + Skew 4 5 .030% ,080% 004 .024
Nor 4 5 + Skew 8 5 .023*%  ,110% .003 .039%
Nor* 4 15 + Skew 8 15 .030% .084*%  ,003* ,030%
Nor 4 30 + Skew 8 30 .0308 .074% .004 .021
Nor 4 5 + Skew 4 15 .032 .079% .003 .024
Nor 4 5 + Skew 8 15 004*% 046 .000 .012
Nor 4 15 + Skew 8 30 .011*% 044 .001 .012
Nor 4 15 + Skew 8 5 .085% .157% .026 .064%
Nor 4 30 + Skew 8 15 L071%  ,124% .015 049%
Nor 4 b} Lep 4 5 042,046 .007 .011
Nor 4 y Lep 8 5 .051  .050 013  .Cl4
Nor 4 5 Lep 4 15 043  ,048 .010 .011
Nor 4 5 Lep 8 15 .014% ,016* .001 .002
Nor 4 5 Lep 8 5 .126% .115 .045% ,039%
+ Skew 4 5 + Skew 4 5 041 .042 .007 .006
+ Skew 4 5 + Skew 8 5 .029% ,105%  ,006 .031%
+ Skew 4 30 + Skew 8 30 .033 .075% .003 .022
+ Skew 4 5 + Skew 4 15 .033 .065 .001 .q17
+ Skew 4 5 + Skev 8 15 L002% 041 .000 .009
+ Skew 4 15 + Skew 8 5 .093% ,145%  ,031% .055%
+ Skew 4 30 + Skew 8 15 .069 .113%  ,016 L042%
+ Skew 4 5 -~ Skew 4 5 .110% ,017*%  .046*% .002
+ Skew 4 5 - Skew 8 5 .123*%  ,021% .052*% ,002
+ Skew 4 30 - Skew 8 30 .079*% .031*%* .026  .003
+ Skew 4 5 - Skew 4 15 ’ .082% .036 .028 .006
+ Skew 4 5 - Skew 8 15 .043 L007% .012 .000
+ Skew 4 15 - Skew 8 15 .178%° .086%  .094% .025
+ Skew 4 5 Lep 4 5 .073% ,027=  .021 .003
+ Skew 4 5 Lep 16 5 .058 .051 .023 .020
+ Skew 4 5 Lep 4 15 .049 .038 .010 .010
+ Skew 4 5 Lep 16 15 .003% ,005% .001 .00l
+ Skew 4 15 Lep 16 5 .183%  ,177%  ,095% .087%
Lep 4 5 Lep 4 5 044 .042 .007 .006
Lep 4 5 Lep 16 5 .055 .052 .018 .018
Lep 4 5 Lep 4 15 044,049 .009  .008
Lep 4 5 Lep 16 15 .005% ,006* .001 .001 :
Lep 4 15 Lep 16 5 J171%  .172%  .080*% .086% .!

*One-Tailed Tests




INT PER

ORD

LEPTOKURTIC DISTRIBUTION STANDARD DEVIATION =16 N=10,000

FREQ

0 0.020 '10.70250 4.000

2 0.150 -8.01474 10.000

3 0230 =7.31791 6+000

4 0.315 "6.62109 11.000

5 0420 -5.32698 10.000

7 0.605 -2.83832 11,000

8 0.735 ~0e94693 154000

9 0.875 0634717 13,000
10 04960 2443765 4.000
11 1.020 3.13448 8.000
12 1,155 4012994 19.000
13 1.305 631997 11.000
14 l.610 761408 10.000
15 1.510 8.90818 104000
16 1.655 10.89911 19.000
17 14815 12.39231 13.000
18 1,940 12.89005 12.000
19 2.130 13.58687 26000
20 26375 l4,58188 23.000
21 24575 16.37418 17.000
22 24765 16.87191 21.000
23 24945 18,66375 15,000
24 3.145 21415241 254000
25 34355 21445105 17.000
26 34600 22.04833 32.000
27 3.910 24403926 30000
28 4,165 24443745 214000
29 4,395 26,52793 25.000
30 44,660 2772249 284000
31 44920 29.11614 24000
32 5230 29.71342 38.000
33 50595 31.20662 35.000
34 56970 32.69982 40000
35 6370 33,49619 40000
36 11,060 34,88984 898.000
37 . 18.400 36.,58213 570000
38 23.200° 37.47805 390.000
39 264575 39.,96672 285.000
40 29.310 40.46445 262.000
41 31.835 40.66354 243.000
42 34,200 4136037 2304000
43 36,400 4]1.45992 210.000
44 38,470 4165901 2044000
45 404430 42435584 188.000
46 424250 43,35130 176.000
47 44,075 44,24722 189.000
48 45,815 46.63634 159.000
49 47,390 48.82637 156.000
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TABLES OF SAMPLING DISTRIBUTIONS OF THE PRODUCT |

'MOMENT CORRELATION COEFFICIENT
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